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=X} (Contents)

HSE 0l Al (Strain Energy)

HSEE 0|4 Xl & & (Strain Energy

Density)

=AS80 et HEEHSEE Ul Al
(Elastic Strain Energy for Normal
Stresses)

HdesSE0 Uist 3 EdEHSE Ul Al
(Strain Energy For Shearing Stresses)

A=2 KMl 11.2 (Sample Problem 11.2)

ot a4 HEE Ul Al (Strain
Energy for a General State of Stress)

= 2 6tS (Impact Loading)

Ol Ml 11.06 (Example 11.06)

Ol Al 11.07 (Example 11.07)

=AH5I= 0l tfet 2 Al (Design for Impact

Loads)

e oft= of0ll A & b Ol L Al (Work
and Energy Under a Single Load)

&2 5= ot X & (Deflection
Under a Single Load)

A== Kl 11.4 (Sample Problem 11.4)

(H 2 ot= otOl Al & 1t Off L4 X[ (Work
and Energy Under Several Loads)

JtAE 2|0t &2l (Castigliano’s
Theorem)

JIIAE Ot E2lUl 2let H &
(Deflections by Castigliano’s
Theorem)

A== XMl 11.5 (Sample Problem 11.5)
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HSAE 4 K| (Strain Energy)

. 2YS 20| NMB| BItots SIES ge A2

e S0l 0la=dx B2 =0HE Ml ot= P Ol 2|t
Jl=¢ (elementary work)2

dU = Pdx =elementary work

FO A2 ot=s-HE 8N A = dx & B3 4A 1}
! —~T 2 C}.

I - « S HY x, Al ot =0l 28t T Z(total work )=,

1
U= j P dx = total work = strain energy
0

> ﬂl.& oz 5o HHEE 0| Xl (strain energy) It

o MY BA BHE R0,
X
UzIkXdXz%kxlzz%Plxl
0
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HAE HlH KX &% (Strain Energy Density)

o A2 &= B0 2ol &R MEE HEE

u= [oy de, = strain energy density
0

€ €, €

e HAOZ Z L= MM BHEE WU Al &% (strain
energy density) = ¢ 0l O|2= =62 HX Wt 2t

« MEUWAM 3tES2 MAHSHOSHE S82022 & =0t
JFKI B S 2 H S (permanent deformation) 0| & =Ll
QX AU HEOZ HAE HEE 0|4 X2t
gl ==Lt

e M= B0 ~22& OIHA2 LIGHA &
SEHZ AbcHEICH.

QO=IO|
L =2 —

Bl

Copyright © 2011 by Tae Hyun Baek, Kunsan National University. All rights reserved.



HHE 0| KX &S (Strain—Energy Density)

Modulus
of toughness

Bupture

Modulus
e " of resilience

]
1

=5 =0t 20HA=BHEE WX
2L T E 214 H == (modulus of toughness) 2t

S0 HES HIAHSE 0l &=,

Egl2 B 012
2 2E

&
u= jEex dey =
0

o,=0, € 3F, HIYE-0UHA ELE
&t | ==(modulus of resilience) u, 2t ot H,
oy

Uy = oE modulus of resilience
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SRS (5 B HE

L O - O

-

£ 0l Xl (Elastic Strain Energy for Normal Stresses)

T2 E = RA0A,

= U = |u dV =total strain ener
v | gy

= M, o,=P/A dV=Adx
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NS0 e HE E 0l Al (Strain Energy For Shearing Stresses)
e St HH MEUsSH= 82 ([,
Lr il
ot g
Y xy
/ u= ITxyd7xy
0
%_?—w _
- - g, JtHldlstE OlLE B2,
Xy -
2 75
U:%Ghy:%fxy?/xyzz—é
e MX HEE A=,
O Yoy U =[udv
2
T
— [ Y qv
J 2G
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MAUsS=| e HE E 0l Xl (Strain Energy For Shearing Stresses)

o dV=dAdx 0|2 &,
72,2 T2

v HzerdAdX j2(33
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AZ2ZFH 11.2 (Sample Problem 11.2)

Ol;

. B EH O HRENEZRE A
EB]

2F B Ol A EF

e

L=3
m,a=09m,b=27m, 12| JE=
200GPa & 2, HE s WIS
Hl&kot O 2t
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AEZ2H 11.2 (Sample Problem 11.2)

Z0]|:

- FEH NRSHCRLE A
OB O A BHa1S N A,

M
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A22XM 11.2 (Sample Problem 11.2)

B o SO 21U|0 CHoll =20t HAE
D HUHKXIE el
A - ) B
” TVEINLIVY:
M{ M2
=|—dx+ | —=dv
SN [0
0 0
- b
Over the portion AD : I(Pb ) dx + I(Paszdx
ver the portion , 2E| L 2E|O L
M —P—bx
L 1 P?(p%a® a%®)| P%a%?
. = 5 + = >-(a+b)
Over the portion BD, 2El 1< 3 3 6EIL
M, =2y P2aZh?
L U=
6EIL
P=160kN L=36m
a=09m  b=27m U —_(1B000ON)*(0.9 m)*(2.7 m)
E - 200GPa | =104x10° mm® 6(200x10° Pa J104x10° m* 3.6 m)
U =336 Nm
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Ot MM =228 ) BHMU2E MEHIA HEE HUHXIE
ot LCH -2 MBI =,
_1
e EtH SHIMH SHIC ==0f CHol A,
[ 2,2 , ]
1-2v
Uy === (o4 + oy + 0 )* = due to volume change
1
Ud = —

12G (6a—0b) +(op—0c ) +(oc —Ga)z]zdue to distortion
« 20 Bl=& 0l Al (maximum distortion energy) Ltz J| &=,

2
ug < (ug )y =g—é for a tensile test specimen
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Umzémvg
HANO| Ao Z22H A
=Sd-Ha s &) 5Hot=s
OtHNME &
2= Cc = X L X2 O
;fwgaﬂﬂ‘afmJE « HEE 0IU Xl = CHat
sMHtS2 E2 llicl= ERE , ’
1d U. = [Pm gy
m sz
SesIsgNHdE 82 . AU CIHES A
ZICHgt0| = = At2H&ICE 5
2U,E |mviE
Gm: =
V V
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HIAl 11.06 (Example 11.

O
S

Area = 4A
e mol SHIHEE v, 2
=20l=Hl2g HHES BCD 2 2
o= &3 etCt BC =2 XIS0|
CD 2= XE2 281 222, &2
ZItHh =S4 = otch
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=0l:

e XE0|I2BZ £2SH 2L}
= 2 SHAl L.

e SHOITY E2HAEE HHHAE
LUAZ = U= St Hots P,
= etl}.

« M0t= P, CZ2RH FUSEE
H AESEC

- 15




Ol Al 11.06 (Example 11.06)

« ZAHISUAN HIE NUHKIE
LMAIZ £ s SIH2 HatE P, 2,
P2(L/2) P2(L/2) 5 PAL
Up=-"T +-m _ 2 Fm
" AE AAE 16 AE
~ [16URAE
Y m 5 2
Area = 4A
=0l - HotE P, 02RH IS,
NEQ ez A s P
=Xt # L otAl ZLCE Om ="y
~ [16ULE
Um:%m"g 5 AL
2
2 2 8mV0E
2E = 5 AL
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Ol Al 11.07 (Example 11.07)

[ J "J'“:I
T

JA

010

— ¥

r0

ol

[

W 2| CH® (transverse
h section) Ofl 2 22| 210/0| 2t
l ) HE 02 wialsiC),

Al - BN SLB A NUXIE

| S A2 & Qs SOt HEHE P,

a 5 . S st}
SH W ol 20| =0/ h 0l Al + H51E P, C2PH HSHS
QIFE O Kt CHo|| o & L}, 0 Hl &FSHCE

BOA = S=E8t= ol et
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Ol Al 11.07 (Example 11.07)

(o] e SHAN st HAEE OIS
T SEAMAIZ! & U= HEHE P, Ol CHH
W
i DA BIES e ABE A,
l B u Pt
Al m GEI
L L y p 6UrgEI
_ L
=0|
« AXISS SCIHY AN . X"ﬁf_% P.LC=25FH zlliSE S
2ol 20/0 et 882 Hl&hetLt.
=
sagely i M| p,Lc
Uy, =Wh m |
) Ur%d O'%V _ 6Um|§ _ 6WhE2
_jE o L{1/c L{I/c
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3 Hl (Design for Impact Loads)

i)

16U E

5 AL
V =4A(L/2)+ A(L/2)=5AL/2

4A

Area

T

A
o]

Bl
o

Al

ol A

=

~IH 7 Il

JJ 1B <F AK

m._ 8= o

nO0 0|0 X0 e
A 100 W ojo RT
010 5 OfJ Hr =
O MR JK 00 1]
__.Ald o o o
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ot= ool A

2 Xl (Work and Energy Under a Single Load)

HlM, HEEWH W K=
0l 2™ HiUX LEE
otd 2ot A Ct.

1St =20 oA =

AL S U U A= otLt2] ot = P, Jb
2= FH,

SR A0S 2 A= FH
o - AL
AE
-3 2L)- AL
2\ AE) 2AE

rol
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A
U= [Tdg=1Tg
0

= lTl(TlL] - T
2 1JG) 23G
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Sample Problem 11.4

~ 1.5 m——>

0.6 m

Members of the truss shown consist of
sections of aluminum pipe with the
cross-sectional areas indicated. Using
E = 73 GPa, determine the vertical
deflection of the point E caused by the
load P.

SOLUTION:

Find the reactions at A and B from a
free-body diagram of the entire truss.

Apply the method of joints to
determine the axial force in each
member.

Evaluate the strain energy of the
truss due to the load P.

Equate the strain energy to the work
of P and solve for the displacement.
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o LI M=ot 2 0ot AAEC| HAE
B XIS & 2 UCHH, I X2 5HE 2 8t
20| &lt) =0t &&= < == UL
e AAZ2 HEE WU A,
2 2
u - FBclec | Feplep
= 2AE 2 AE
2/ <13 3 2
P06+ (087] .., P
2 AE AE

o LIUMHIES UK LD =2H,

2
_ PL 4
Pl
=0.728—
YB AE
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a:|

2 M 11.4 (Sample Problem 11.4)

A, =21P/8 4

B

B = 21P/8

— — — — —
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AZ22X 11.4 (Sample Problem 11.4)

F7L;
Member F, L,m A;, m?
A
AB 0 0.8 500 X 107° 0
AC +15P/8 0.6 500 X 107° 4219P
AD +5P/4 1.0 500 X 107° 3 125P?
BD —21P/8 0.6 1000 X 107 4 134P?
CD 0 0.8 1000 X 107¢ 0
CE +15P/8 1.5 500 X 107° 10 547P
DE —17P/8 1.7 1000 X 107° 7 677P*
ot = o|5t HE 5 oﬂEOﬂHXI POl 2eh & 1t
MU XIS A& L) =0 HL0 tiol =5,
2 1pye =U
Z ZFi L; 2 YE =
2A,E T2E& A ,
y 2U 2| 29700P
1 E = =— —
- (29700P? ) PP 2E
2E
3 3
20.710° [40x10°)
Ve :( J 5 ye =16.27mm{
73x10
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el ots ot 3 ol Xl (Work and Energy Under Several Loads)

CII

‘:g gt

o  c—

U0
rir

IS SEdEo XE,

ol

X1 =X1+ %2 =a1R + 5P

X = X971 + X2 = 1P + 0P

« P,OI &K AA

o
II-_.C_P_O“ o|sl a2

| &6
-6t

U= (0511'31 + 20(12 P1P2 + 099 P2 )

NIH

« &&= A (application sequence )E H*P 2 6tH,
2 2
U =%(0£22P2 +2a21P2P1+a11P1 )
« P2 BHASUHUX AS2 BtEAl SIHOILH =
o ,=a,, WAE o BHY 2l (Maxwell’s reciprocal

theorem) Of [F2C},
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JIIAE 2|0t &2l (Castigliano’s Theorem)

el &=otss 2= 8d #4222

)
S=0U A,

( 1P12 + 20512 P1P2 + a9 P22)

T 0

C
l\)II—\

e otx P, 1F POl CHol O

otH,

Rl

8U

—=o1P + a2 =X

op Cariterzr =R

ouU

—— =Pt axrP =X

op, 12T e2r2 =

o JIAE 2|0t &2l (Castigliano’s theorem):

n e ors= = BHIAE=0A P
HEEA ME =

szﬁ and QJ‘:—aU ¢J=Q

OP; OM | o,
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IIAE 20t A2l 28t H& (Deflections by Castigliano’s Theorem)

- JpAERI0t: ol s HA H A
SEENIEPTEE-BIE L orgp o
Chet DI20] BHAFOIL X2 Aol 20 o
Cha= 6l 21 C.

e B9 AR,
LM 2 oU LM oM
=|-——dx Xj=——"=|2 g dX
)26 oPj ¢ El 0P
e EHA EH5H,

Z L, _0U <Rl oF
i =ap. T4 AE 0P,
2A1E OP;  ~ AE 6P,

Copyright © 2011 by Tae Hyun Baek, Kunsan National University. All rights reserved. 5- 28




A==Hl 11.5 (Sample Problem 11.5)

=0]:
E « JIAEZ|0t: BIE—.—H & C 0
T Jt&H(dummy) =&ot= Q =

I

AZAZ2ICH 8 A A= %XHCE—.—H
IIAGIEOCRZ OISHA QB 9 A S

T

06m - EYS MEoH0 Q Oofl 2IEt 2
STl L2l 2T
- AZ2H 1149 ZE T 8504

E2A 2Tt D0 EAIE ofSPH QZ B8 =cusss
CtoH Aol 22| Il0|E 2 QO“ het Ol=et= ettt
AHE 0 UCHE=73GPa =
NSoh, B 1P ) Sk . Q=02 E0,C o HAW SIie
THXEE =2 0e. 01232 HAEHTH
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A=2KM 11.5 (Sample Problem 11.5)

=Z0|:
r* lf c M NL2HMEZLE C 2 IHASHE QI
A Yo ; 25t AR AQABWA BIEES P&
x:_%Q Ay:Q B:%Q
b - BHYUS MEF01Q HB Al 2 £ UHS
2 X 5T

0.5 m

Fce = Fpg =0
Fac =0, Fcp =-Q

Fag =0; Fp = —3Q
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A=2KM 11.5 (Sample Problem 11.5)

FL)\oF,
F, aF/oQ | L,m A, m? (f)a—(;
0 0 0.8 500 X 107 0
+15P/8 0 0.6 500 X 1076 0
+5P/4 + 50/4 % 1.0 500 X 107 | +3125P +31250

—21P/8 — 3Q/4 -3 0.6 1000 X 107® | +1181P + 338Q
=f il 0.8 1000 X 107° + 8000
+15P/8 0 1.5 500 X 107° 0
—17P/8 0 1.7 1000 X 107 0
P% OlEotHols P2t Q= Qlet EdA
= 7ett
1
= ~(4306P +4263Q)
« Q=02 =, C2 ME SII2 Ol=ei= Alb&tetl.
4306(40x 103N )
ye = 5 yc =2.36 mmi
73x10"Pa
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